In this paper we apply the bi-decomposition on multivalued 
Introduction
There are two very simple multi-valued gates having two or more inputs and one output. These gates are called MAX gate and MIN gate. The output value of the MAX (MIN) gate is equal to the maximal (minimal) value of the inputs.
These simple gates allow sometimes a complete MAX/MIN-bi-decomposition [4] . The decomposer BI-DECOMP-MV was suggested by Mishchenko, Steinbach and Perkowski in [4] . This decomposer is based on BEMDDs [5] as central data structure and generates netlists of functions in multi-valued logic (MVL). The generated netlists have two valuable properties. First, the netlists are compact because the algorithm exploits external and internal don't cares. Second, the netlists are well-balanced, which reduces the delay of the resulting circuit. Unfortunately this approach cannot decompose all MVL functions completely. Experimental results have shown that only eleven of twenty six MVL functions of the POLO benchmarks could be decomposed completely using the MAX-and the MIN-bi-decomposition [4] .
A complete bi-decomposition of MVL functions can be done by the YADE decomposer [2] . Lang implemented the decomposer YADE like a framework of tools for different types of decompositions, where the user can select the decomposition strategy. It may be difficult for the user to find good setups of the YADE decomposer because many different algorithms are implemented. Experimental results have shown that YADE finds better networks than the bi-decomposer BI-DECOMP-MV on average. It should be mentioned that for all test cases, YADE found better minimizations of the test functions than MVSIS [1] . However, BI-DECOMP-MV found better results for some test functions, which emphasizes the power of the simple MAX/MIN-bi-decomposition.
For that reason we suggest simple complete approach for decomposition of multiple-valued functions based on the MAX/MIN-bi-decomposition in this paper. Because of the restricted space, we omit all proofs of lemmas and theorems in this paper. The proofs are given in [2] .
The remainder of this paper is organized as follows. Section 2 introduces multi-valued function intervals and further basic definitions. In Section 3 we summarize the theory of the MAX/MIN-bi-decomposition of multiple-valued function intervals. The completeness of the decomposition will be ensured by the MAX-MIN multi-decomposition, explained in Section 4. Section 5 gives experimental results. The paper concludes with a summary in Section 6.
Preliminaries
In order to reach the required completeness of the decomposition we deal with multi-valued function intervals (MFIs) which generalize of MVL ISFs [3, 4] . There are multi-valued function sets (MFSs) that can be described by MFIs but not by MVL ISFs.
is the set of MVL functions
The function f l (A) is the lower bound, and the function f u (A) is the upper bound of the MFI. The problems of decomposition can easily be described in terms of the min-and max-operators over variables. There are several possibilities to extend the Boolean differential calculus (BDC) to MVL functions. The definitions of the k-times minimum and the k-times maximum of a MVL function are given in [3] . For later use we define two more operators.
Definition Let x and y be multi-valued variables, then
is the leq0-operator and
is the geqm-operator. • The free set is the set G(A, C) of all functions g(A, C)
MAX-and MIN-
for which there exists at least one function h(B, C) that satisfies (4).
• The bound set H g0 (B, C) is the set of functions h(B, C) so that the pair g 0 (A, C), h(B, C) satisfies (4).
Similar terms can be defined for the MIN-bi-decomposition by replacing the max-operator with the min-operator.
MAX-Decomposition Test
A test condition for the MAX-decomposability of MFIs can be derived from the upper bounds of the decomposition functions as specified in the following theorem.
Theorem 3.1 The MFI F(A, B, C) = [f l , f u ] is MAX-decomposable with respect to the dedicated sets A and B iff
where 
Computation of MAX-Decomposition Functions
To apply MAX-bi-decomposition in decomposers, it is necessary to compute the free and bound sets. First, a formula for the free set is derived in Theorem 3.2. Then the bound set is computed in Theorem 3.3.
Theorem 3.2 Let the MFI F(A, B, C)
= [f l , f u ] be
MAX-decomposable with respect to the dedicated sets A and B. Then the free set of the MAX-bi-decomposition of F(A, B, C) is the MFI G(A, C)
where
Theorem 3.3 Let the MFI F(A, B, C) = [f l , f u ] be MAXdecomposable with respect to the dedicated sets A and B, and let the function g 0 (A, C) be a decomposition function of F(A, B, C). Then the bound set of the MAX-bi-decomposition of F(A, B, C) with respect to the function
Each combination of a pair of functions from the MFIs
The functions g u (A, C) and h u (B, C) are computed by (6), and h 1 (B, C) is computed by (9). If the function g 1 (A, C) is decreased to g 2 (A, C) the upper bounds g u (A, C) and h u (B, C) do not change. However, the lower bound of H(B, C) increases to h 2 (B, C), i.e. the bound set becomes smaller. The smallest possible value for g(A, C) with a nonempty bound set H(B, C) is the function g l (A, C) computed by (7).
It is possible to exchange the sizes of the sets G(A, C) and H(B, C) . Increasing the MFI G(A, C) (so that it contains more functions), reduces the size of the MFI H(B, C) and vice versa. 
where , b) is a coincidence.
MAX-MIN Multi-Decomposition
There are MFIs that are not bi-decomposable with respect to MAX and MIN gates. Weak bi-decomposition is applied to simplify non-bi-decomposable Boolean functions. Unfortunately, there are MVL functions that are neither bi-decomposable nor weakly bi-decomposable [5] . For that reason new decomposition principles are necessary to ensure complete decomposition of all MVL functions. Several approaches to solve this problem are given in [2] .
Multi-decomposition of a non bi-decomposable MFI with respect to MAX and MIN gates ensures complete decomposition of all MVL functions. The MAX-MIN multi-decomposition splits an MFI by a MAX gate into n MIN-bi-decomposable MFIs, where the number n is minimized. In contrast to the bi-decomposition, the MFIs of the first level of a MAX-MIN multi-decomposition do not depend on fewer variables in general. F(A, B, C) with respect to the dedicated sets A and B is a vector of n functions
Definition A MAX-MIN multi-decomposition of an MFI
so that
where the functions f 1 (A, B, C) , . . . , f n (A, B, C) are MIN-decomposable with respect to the dedicated sets A and B.
To compute MAX-MIN multi-decompositions, another criterion for MIN-decomposability of MFIs is developed in extension of Section 3.4. This criterion can be used to determine the minimum number of functions for MAX-MIN multi-decomposition. MIN-decomposability of an MFI can be checked locally by considering all applicable triple of function values. Theorem 4.1 formulates a MIN-decomposition criterion based on this observation.
Theorem 4.1 An MFI F(A, B, C) = [f l , f u ] is MIN-decomposable iff for all 5-tuples of minterms
Properties of MAX-MIN multi-decompositions can be shown with the help of an incompatibility graph, which is a graph with one node for each minterm and an edge between minterms for every pair of minterms that does not satisfy (19). F(A, B, C) with respect to the dedicated sets A and B is a graph with one node for each minterm (A i , B m , C k ) . There is an edge between all pairs of minterms (A i , B m , C k ) and where F(A, B, C 
Definition The MIN-incompatibility graph of the MFI
Nodes with f l (A, B, C) = 0 can be omitted from the MIN-incompatibility graph because for these nodes (20) is never satisfied.
Lemma 4.2 Let F(A, B, C)
= [f l , f u ] be an MFI. Then F(A, B,
C) is MIN-decomposable iff its MIN-incompatibility graph does not contain any edges.
Lemma 4.2 shows that MAX-MIN multi-decomposition problem is equivalent to partitioning the incompatibility graph of an MFI into subsets so that there are no edges between the nodes of the same subset. This is the graph coloring problem, which assigns a color to each node so that no pair of nodes with the same color is connected by an edge.
Theorem 4.3 An MFI F(A, B, C) = [f l , f u ] is MAX-MIN multi-decomposable into n functions iff its MIN-incompatibility graph is colorable with n colors.
The number of subfunctions of a MAX-MIN multi-decomposition can be computed from the number of colors that are necessary to color the MIN-incompatibility graphs of MFIs.
Consider three minterms located in the same row a i of the map, say f l (a i , b m ), f l (a i , b n ) and f u (a i , b n ) . Obviously, (19) is always satisfied for such a triple of function values because a, b) . Therefore, a coloring of the incompatibility graph is to color each row with a different color. Similarly a coloring of the incompatibility graph is to color each column with a different color. It can be concluded that the number of colors necessary to color the incompatibility graph is bounded by the minimum numbers of rows and columns. 
Experimental Results
The MAX-and MIN-bi-decomposition, the MAX-MIN multi-decomposition and further decomposition methods are implemented in the configurable decomposer for multivalued functions sets, called YADE. All details of YADE are described in [2] . Note, this new decomposer YADE is completely different to the previous version of YADE [3] .
The results of the MAX-and MIN-bi-decomposition for 26 benchmarks were published in [4] . These benchmarks are available from den Portland Logic Optimization Group (POLO) [6] . We repeat the main results of the decomposer BI-DECOMP-MV (BDM) [4] in the left part of Table 1 . Eleven of these 26 multi-valued benchmark functions could be decomposed completely using the MAX-and MIN-bidecomposition only. Decomposition of the other 15 benchmark functions results in a total of 2453 non decomposable MVL functions. For comparison we calculated the decompositions of exactly the same 26 benchmarks. Due to the MAX-MIN multi-decomposition all benchmarks could decomposed completely using MAX and MIN gates only.
We used the predefined strategy SEPALL3 of YADE [2] (YADE3). In this strategy independend variable are eliminated. After that MAX-or MIN-bi-decompositions are executed and if no such decomposition exist, MAX-MIN or MIN-MAX multi-decomposition is applied. The experimental results are listed in right part of Table 1 . The column "Benchmark" gives the benchmark name. The number of inputs and outputs are enumerated in the column "I/O". "DFC" is the abbreviation of "discrete function cardinality" which is a measure of the complexity of a multi-valued function and is calculated as product of its input cardinalities. As measure of the delay specify the columns "LL" the numbers of logic levels of the designed circuit. The columns a "MM" enumerates the number of MAX-and MIN-bi-decompositions. "ND" is the abbreviation of "non decomposable" and count how many multi-valued functions could not decomposed by MAX-or MIN-bi-decompositions in the case of BDM. The number of MAX-MIN multi-decompositions are given in the column "MMM" and the number of required literals are specified in the columns "Lit". The run time is listed in seconds for the YADE decomposer on a 2.4 GHz Pentium IV computer with 512 MB memory in the column "Time". Table 2 shows a summarized direct comparison between the decomposer BDM [4] and the new YADE decomposer [2] using the strategy SEPALL3 (YADE3) based on benchmark set of Table 1 . The most important improvement of YADE is that all non decomposable functions could be decomposed by YADE3. The sum of MAX gates, MIN gates, and literals is approximately the same for BDM and YADE3, even though BDM does not decompose 2453 multi-valued functions. An additional benefit of YADE3 is
